Abstract. We measure the conductivity spectra of thin films comprising bundled single-walled carbon nanotubes (CNTs) of different average lengths in the frequency range 0.3-1000 THz and temperature interval 10-530 K. The observed temperature-induced changes in the terahertz conductivity spectra are shown to depend strongly on the average CNT length, with a conductivity around 1 THz that increases/decreases as the temperature increases for short/long tubes. This behaviour originates from the temperature dependence of the electron scattering rate, which we obtain from Drude fits of the measured conductivity in the range 0.3-2 THz for 10 µm length CNTs. This increasing scattering rate with temperature results in a subsequent broadening of the observed THz conductivity peak at higher temperatures and a shift to lower frequencies for increasing CNT length. Finally, we show that the change in conductivity with temperature depends not only on tube length, but also varies with tube density. We record the effective conductivities of composite films comprising mixtures of WS 2 nanotubes and CNTs vs CNT density for frequencies in the range 0.3-1 THz, finding that the conductivity increases/decreases for low/high density films as the temperature increases. This effect arises due to the density dependence of the effective length of conducting pathways in the composite films, which again leads to a shift and temperature dependent broadening of the THz conductivity peak.
Introduction
Optical and electronic properties of single-walled carbon nanotubes (CNTs) have been under investigation for over two decades due to their fascinating physical properties and exciting potential for advanced applications [1] [2] [3] [4] [5] . Subsequent studies in the low-frequency, far infrared, terahertz and gigahertz ranges, led to proposing CNT-based composites as effective functional materials with tailored electromagnetic properties for these ranges [6] [7] [8] .
One significant observation that has attracted much attention is a peak in the conductivity of CNTbased composites in the THz range, observed for the first time, to our knowledge, by Bommeli et al. [9] . Two different mechanisms of its origin have been debated in literature. An interband transition corresponding to a small THz-range gap inherent to metallic CNTs [10] (finite radius effect) has been proposed as a possible mechanism of a non-Drude-like behaviour of CNTs in THz range [11, 12] . An alternative mechanism has been proposed by Akima and Slepyan et al. [13, 14] as manifestation of the localized plasmon resonance in finite-length CNTs, which we denote the finite-length effect. Theoretical modelling [15] and experimental observations [16, 17] substantiates the dominant role of the finite-length effect in the THz peak origin, at least at room temperature. While the two explanations are not mutually exclusive, understanding the true origin of this THz peak is key to a number of potential CNT applications [7] . However, due to the inherent difficulty in fabricating isolated CNT samples, most measurements have been carried out on mixtures of CNTs with various distributions in length, density, thickness, chirality and bundle-size, and fabricated using a variety of techniques [11, 15, 16, [18] [19] [20] [21] . Moreover, different temperature dependencies of the THz conductivity for CNTs have been reported [17, [22] [23] [24] demonstrating the temperature dependence to be frequency dependent. Zhang et al. [17] shows a weak temperature variation in the CNT films conductivity below 3 THz, while the temperature has been shown to have a much more significant effect on the electronic transport properties of (i) nanotube composites at GHz frequencies [21, 25] , and (ii) CNTfilms in the mid-infrared range [26] .
In this paper, using terahertz time-domain spectroscopy (THz-TDS), we investigate the influence of tube length and density on the temperature dependence of the THz conductivity spectra for thinfilms comprising single-walled CNTs. Using films with different tube concentration we observe a plasmonic THz peak which is related to the effective length of conducting pathways in the CNT network. Due to this plasmonic behaviour, the frequency dependent conductivity is influenced by both tube length and density. This can in turn determine the response as a function of temperature, giving rise to a THz conductivity that increases and decreases with increasing temperature for the cases of low and high tube density, respectively.
Theoretical background
Throughout this paper, we choose to describe the frequency dependent electromagnetic response of the CNT-films in terms of the real part of the complex effective conductivity, Re(σ(ν)), and real part of the relative permittivity, Re( (ν)), as in references [11, 15, 16, [27] [28] [29] . These are related through
where 0 = 8.85 × 10 −12 F m −1 is the vacuum permittivity and ν is the frequency. We note that equation (1) assumes an isotropic conducting dielectric material. Since our films consist of unaligned CNTs oriented mainly in the plane of the film, their inplane effective conductivity and permittivity can be considered to be isotropic, with their relation described by equation (1) .
We begin our theoretical analysis by considering how tube length is expected to influence the THz conductivity resonance (referred to here as the finitelength effect). It is straightforward to show that tube length is expected to determine the peak frequency, as well as the temperature dependence of the conductivity spectra. Our carbon nanotubes samples (see Sec. 3) contain mostly bundled CNTs, which are assembled into a percolating network. For now, we consider only a diluted composite containing isolated, randomly oriented CNT bundles. We will show that for this composite the temperature dependence of the THz conductivity spectra is affected by the finite-length effect in the CNTs. We use the Waterman-Truell formula to estimate the effective relative permittivity of a composite material [15] through (2) where the function N j (L) describes the number density of the CNT bundles of type j with radius R j and length L, and h is the relative permittivity of the host material. The factor 1/3 in equation (2) is due to the random orientations of the inclusions; and α j is the axial polarizability of CNT bundle, calculated using the integral equation approach [30] . We note that equation (2) ignores the electromagnetic interactions between inclusions in the composites. The real part of the effective permittivity can be found as Re(σ ef f ) = 2πν 0 Im( ef f ).
In our calculations we use h = 1 and the volume fraction occupied by the inclusions is φ = 20%. For simplicity we calculate the effective conductivity of a composite comprising identical bundles of either 1 µm or 10 µm in length. Each bundle consists of 7 tubes: two metallic tubes (12,0) and five semiconducting tubes (13,0) with energy gap of 0.816 eV and chemical potential of 0 eV. Here (m, n) denotes the chiral indices of the tubes. The axial conductivity of the metallic CNT is approximated by the Drude formula [31] , defined by an electron relaxation time τ = 1/γ, where γ is the electron scattering rate [15] . The THz conductivity of the semiconducting CNTs is supposed to be negligibly small and does not contribute to the THz response of the bundle. Figure 1 shows Re( ef f ) and Re(σ ef f ) of the CNT composite for different lengths L and electron scattering rates γ. The resonance at 5 THz for L = 1 µm and the broad peak at 0.8 THz for L = 10 µm are due to the well known finite-length effect in CNTs [14, 15] . Interestingly, the largest variation in both Re( ef f ) and Re(σ ef f ) occurs in the locality of the THz resonance. In the range ν ∈ (0.1, 1) THz, dependencies of the conductivity on the scattering rate for short and long tubes are different: both Re( ef f ) and Re(σ ef f ) decrease as γ increases for long-length tubes (L = 10 µm), while the opposite occurs for shorter tubes (L = 1 µm) as highlighted by the insets. This behaviour arises due to the difference in response on and off resonance.
Since the dominant scattering mechanism for CNTs is expected to be acoustic phonon scattering [32] (i.e. the scattering rate is expected to increase with increasing temperature, T ) we can conclude that, if the effective conductivity is plasmonic in origin, its temperature dependence will be determined by CNT length. For long tubes (tens of microns) the finitelength effect is negligibly small in the THz range and the effective conductivity decreases with increasing temperature. This is expected for the intrinsic conductivity of an individual tube [32] . For shorter tubes, the temperature dependence will be weaker and the conductivity may even increase with increasing temperature in the THz region. This behavior can be characterized by a crossover frequency, where the value of ∂Re(σ ef f )/∂T changes sign.
As was recently shown [26] , the temperature induced modification of the infrared conductivity spectra of thin CNT films can occur due to the strong temperature dependence of unintentionally doped semiconducting tubes with Fermi energy located close to the top of the valence band. To demonstrate possible contribution of these tubes to the THz conductivity spectra, we calculated the same CNT-composite as in figure 1 , but assuming that (13, Calculated frequency dependence of (a) Re(σ ef f ) and (b) Re( ef f ) at different carbon nanotube lengths L and electron scattering rates γ. The insets show a zoomed area of their respective plots, highlighting the subtle differences for L = 1 µm when varying the scattering rate.
electron scattering rate for all the tubes in the bundle is γ = 25 THz. For this case the static conductivity of the semiconducting CNTs, calculated using the model presented in [26] , is about 8 times smaller than that of metallic CNTs.
In figure 2 , we present the values of Re( ef f ) and Re(σ ef f ) for a composite containing identical bundles of 1 µm in length at 50 K, 300 K, and 530 K, i.e. the temperature induced change in the conductivity is due to varying the electron Fermidistribution function of the system. We note that in reality the scattering rate is expected to increase with temperature [33, 34] , however in this case we choose a single scattering rate to show the effect of the Fermi distribution. One can see in figure 2 that the THz peak is expected to blue-shift slightly on increasing the temperature. In absence of a temperature dependent scattering rate, this effect arises due to an increase of the conductivity of the semiconducting tubes with temperature and, consequently, to the increase of the surface wave velocity in the CNT bundle [35] . The model predicts no temperature induced shift of the THz peak for composite comprising individual doped CNTs. This is discussed in section 5 and confirmed in the supplementary material section S1, where we compare the data for bundled and unbundled CNT samples. Similar results were claimed in [30] with respect to the doping effect: substitutional doping leads to the blue-shift of the THz conductivity peak for a composite comprising bundled tubes; there is no shift if tubes are individual. 
Sample preparation
To study the influence of tube length on the temperature induced modification of THz conductivity spectra we prepared three types of films comprising CNTs in bundled form, where the average lengths of the CNT bundles in the films varies significantly:
(i) Free-standing films comprising long length single-walled CNTs (l-CNT, L ≈ 10 µm, film thickness of 42 nm) with diameters of approximately 1.6 nm was prepared via the aerosol chemical vapour deposition method [36, 37] .
(ii) Free standing films comprising medium length single-walled CNTs (m-CNT, L ∈ (0.3, 2) µm, average length of about 1 µm, film thickness of 500 nm) were prepared via the vacuum filtration technique [38] . Briefly, a material of non-purified High Pressure Carbon Monoxide (HiPco) CNTs with diameters of 0.8-1.2 nm (NanoIntegris Inc.) were dispersed by ultrasonic treatment (Ultrasonic device UZDN-2T, 44 kHz, maximum power) for 1 hour in an aqueous suspension with 1% Sodium-Dodecyl-Sulfate (SDS). Ultrasonic treatment cut the initially long tubes down to a length of up to 1-2 µm [39] . Then, the suspension was centrifuged at 10000g for 15 minutes. Strong centrifugation leads to purification of the tubes and removes aggregated tubes. The suspension was then filtrated through a membrane, causing a film to collect on the filter. This film was then washed to remove all surfactant. Finally, the filter paper was dissolved by acetone and the film was transferred on to a metallic frame with a hole of 8 mm in diameter.
(iii) Thin films of short length single-walled CNTs (s-CNT, L < 300nm, film thickness of 600 nm) were also prepared via the vacuum filtration technique. To obtain short tubes, highly purified (99%) HiPco CNTs with diameters of 0.8-1.2nm (NanoIntegris Inc.), were cut by ultrasonic treatment of the material in a mixture of nitric and sulfuric acids [40] .
Since the observation of a conductivity threshold in polymer/carbon nanotube composites [41] much research has been dedicated to fabricating CNT-based composite materials with percolated networks and understanding their optical and electrical responses [20] . An ongoing issue with preparing CNT composite materials is aggregation, since tubes tend to be electrostatically attracted to each other instead of dispersing uniformly throughout the host material. To study the influence of the tube density on the temperature induced modification of the THz conductivity, we prepared a hybrid composite material consisting of well-dispersed and non-aggregated mCNTs mixed with non-conductive inorganic WS 2 nanotubes (INT). INTs were synthesized in the large scale fluidized bed reactor (see details in [42] ). INTs have diameters 20-180 nm and lengths 1-10 µm; they are semiconducting with a bandgap of 2 eV, and are transparent and non-conductive for THz frequencies. INT material was dispersed in 1% SDS aqueous solution for 30 min by ultrasonication and then the suspension was immediately centrifugated for 15 min at 300g to remove aggregated INTs. The suspensions of INTs and m-CNTs were mixed in different proportions and then filtrated to obtain thin films with thickness between 0.7 and 12 µm. The quantity of both mCNTs and INTs in suspensions before mixing was controlled via ultraviolet-visible spectroscopy (RV2201 spectrophotometer, ZAO SOLAR, Belarus). This provided us with films of different volume fractions of CNTs. The films were transferred to 10 µm thick PTFE and 1 mm thick quartz substrates for terahertz and microwave measurements. Finally the films on quartz substrates were annealed at 500
• C for 30 minutes. Film thickness was measured with the profilometer Veeco Dektak 6 M.
The prepared CNT/INT composite samples were investigated using a Scanning Electron Microscope (SEM), see figure 3: this clearly demonstrates the successful dispersion and non-aggregation of the CNTs, since the nanotubes are dispersed evenly in the sample and no dense particles comprising ten or more nanotubes can be observed. Finally, in supplementary material section S1 we compare the bundled m-CNT/INT samples with similar hybrid samples of unbundled Arch-Discharge single-walled CNTs and show that terahertz conductivity of the composite is higher for individual than bundled CNTs. To estimate the crystalline quality of the CNT material, Raman spectroscopy was applied (see supplementary material section S2). Raman spectra were obtained using a Raman spectrometer combined with a confocal microscope Nanofinder High End (Tokyo Instruments) at an excitation wavelength of 532nm.
Experimental measurement and analysis
With normally incident light, the optical density spectra were obtained in the ranges 0.1-2 THz, 2-270 THz, and 270-1000 THz using THz-TDS (EKSPLA, Lithuania), a Fourier-transform infrared spectrometer Vertex 70 (Bruker), and an RV2201 spectrophotometer (ZAO SOLAR, Belarus), respectively, see supplementary material section S3 for details. Data obtained in the range 1.5-3 THz has an error of about 20% because of high level of noises.
To investigate the temperature dependence of the THz conductivity in the range 10-300 K, we employed a Terahertz Time-Domain Spectroscopy (THz-TDS) setup with access to a closed cycle helium cryostat (ARS) [43] . THz pulses with a bandwidth of 0.3-2 THz were generated and detected by commercially available Photoconductive Antennas (PCAs) from Batop using a 40 MHz, 1064nm, femtosecond fibre laser from Ekspla. From direct measurement of the complex transmission coefficient of our samples, the conductivity and dielectric function was obtained using (3) (see below).
The same THz measurements in the range 300-530 K were done in air using a home-made furnacestyle heating sample-holder. In order to remove doping effects from air molecules such as H 2 O and O 2 , which are non-covalently attached to the CNT walls, each sample was maintained at temperature of 530 K for 10 min resulting in a reduction of sample conductivity of approximately 20%, before starting the measurements, and subsequently cooled from 530 K to 300 K while performing the THz measurements. We note that the sample conductivity was restored in one day after the heating due to the adsorption of air molecule on the CNTs. The microwave measurements at 30 GHz were performed at room temperature by waveguide method [44] [45] [46] using a scalar network analyzer R2-408R (ELMIKA, Vilnius, Lithuania). Static electrical conductivity of thin films was measured using a fourpoint linear probe technique.
One method for determining the permittivity experimentally is via the complex transmission function t(ν), which can be determined indirectly from transmittance spectra via the Kramer-Kronig relations [17] , or directly from time-resolved measurements such as THz-TDS. By measuring the electric field E transmitted through the sample and a corresponding reference field E ref (in our case, either the quartz substrate alone, quartz = 1.96 2 , or air, air = 1 in the case of free-standing films), the permittivity of the sample can be obtained from its transmission coefficient t(ν) = E/E ref by solving the Fresnel equation of the system [43] :
where
are the Fresnel transmission and reflection coefficients for normal incidence, i is the permittivity and d i is thickness of region i. In our case, region 1 and 3 are the incident and transmitted regions, respectively, and region 2 is the CNT thin-film.
Experimental Results and Discussion

The finite-length effect
While many groups have observed a broad THz conductivity peak in CNTs, its origin has been debated for some time [11, [15] [16] [17] 47] . The peak was claimed to be associated either with a small-gap interband transition [11, 47] or with a localized plasmonic resonance [14] [15] [16] [17] .
However, both mechanisms contribute simultaneously and cause the appearance only one terahertz peak [15] . As was shown in [15] , the contribution of the finite-length effect is dominant at room temperature, when the gap energy is less than or comparable to the average thermal energy. The dependence of the THz peak frequency on CNT length has been experimentally shown in [16] , giving clear evidence of a plasmonic resonance in these materials.
In the present section we demonstrate experimentally the influence of the tube length on the temperature dependence of the THz conductivity spectra for CNT thin films. Good qualitative agreement of the experimental results with theoretical predictions made in section 2 confirm the plasmonic nature of the CNT response in the terahertz range. Figure 4 shows conductivity spectra of the real part of the effective conductivity Re(σ ef f ) and the real part of the effective permittivity Re( ef f ) measured at 323 K and 473 K for s-, m-, and l-CNT films. The optical density spectra for these films are shown in supplementary material section S1. As shown in figure 4 , the spectra for m-and s-CNT films have a broad peak at 4 THz and 10 THz, respectively. The spectra of l-CNT films demonstrates Drude-like behaviour.
We note that the average diameter of l-CNTs differs from that of m-, and s-CNTs.
It has been demonstrated previously that the polarizability and conductance of an individual single-walled CNT slightly depends on its diameter in the frequency range below interband transitions [15] . In terms of the effective conductivity of the CNT film, the tube diameter can influence this via intertube tunnelling or by varying the tube number density in the samples, however its contribution to the frequency of the terahertz peak is much smaller than from the finitelength effect. This was shown experimentally for samples with different average tube diameters of 0.8, 1, and 1.4 nm [16] .
The temperature dependencies of the calculated spectra in figure 1 and measured spectra in figure 4 are very similar. Namely, in the range 0.3-1 THz, (i) long tubes l-CNTs (L ≈ 10µm) demonstrate stronger temperature dependence than shorter tubes m-and sCNTs (L < 2µm), (ii) The conductivity of l-and mCNTs decreases with increasing temperature, while the opposite is true for s-CNTs. This can be explained by a decrease of the electron scattering rate with increasing temperature. As predicted from the model of localized plasmon resonance in figure 1 , the THz peak shifts to higher frequencies as the length decreases, resulting in a weakening of the temperature response.
As shown in figure 4 for m-and s-CNTs, the THz peak shifts to a slightly higher frequency with increasing temperature.
We associate this small temperature-induced shift with the temperature dependence of the conductivity of some fraction of the doped semiconducting tubes. This effect was demonstrated in figure 2 of section 2 for composite comprising bundled tubes.
As follows from the model, this shift does not happen for individual tubes. This is supported by our measurements conducted for individual electronically separated tubes (see supplementary material section S1). Figure 5 shows spectra of Re(σ ef f ) and Re( ef f ) measured for s-, m-, and l-CNT films at low temperature 100 K and 300 K. The behaviour of the conductivity and permittivity for these films are qualitatively the same as in high temperature range 300-530 K (figure 4) and agrees well with the predicted finite-length response in figure 1 showing opposite temperature dependencies for short and long CNTs.
Electron scattering rate in long-length CNTs
In general, the THz conductivity spectra of CNT films are fitted with a Drude-Lorentz function containing the Drude and Lorentz terms with two and three unknown parameters, respectively [17, 22] . The Drude term describes the contribution from "infinite" length tubes while the Lorentz term is due to the localized plasmon resonance in finite-length CNTs. If the Drudeand Lorentz terms are overlapped with each other, some ambiguity in the determination of unknown parameters appears in the fitting procedure. If the tube length is large enough then the contribution from the Drude term dominates and we can fit the terahertz conductivity of the CNT film using just Drude term with two unknown parameters: the plasma frequency and electron scattering rate. For this case, the effective conductivity of the film is a sum of the intrinsic tube conductance in the unit volume, with a factor responsible for orientation of CNTs in the film. In this approximation we can conclude that the electron scattering rate in the Drude term of the CNT film effective conductivity is equal to the electron scattering rate in the individual CNTs. Our l-CNT sample comprises mainly long tubes and, consequently, demonstrates Drude-like behaviour in the terahertz range.
From our Drude fits of the effective conductivity for l-CNT samples in the range 0.3-2 THz at different temperatures, we found that the plasma frequency remains temperature independent, while the electron scattering rate γ shows a clear temperature dependence. This result indicates that the temperature dependence of the intrinsic CNT conductivity is not related to the energy dependent density of states of the CNT, but can instead be attributed to temperature dependent electron scattering processes. Raman spectra of the l-CNTs show a very small D-mode (see supplementary material section S2), demonstrating a low defect density in the l-CNTs. Thus, we shall omit possible electron scattering by defects in our further consideration. Figure 6a and 6b shows experimental and associated Drude-fits of the temperature dependence of Re(σ ef f ) and Re( ef f ) for l-CNT in the range 0.3-2 THz, along with the obtained electron scattering rate γ in figure 6c. For temperatures below 500 K, the scattering rate from acoustic phonons is known to have a linear temperature dependence [33, 34, 48, 49] , γ e−ph = αT /d, where d is tube diameter and α is a constant. For our l-CNTs, the average diameter is 1.6 nm, giving α = 49 m/(Ks) from fitting γ in the range 293-500 K (see dashed line in figure 6c ). This value of α corresponds to an electron mean free path of 109 nm at room temperature, which is close to that of graphite [50] . The observed linear dependence γ ∝ T in this temperature range agrees well with this prediction, however the experimentally reported value of α = 12 m/(Ks) by Zhou et al. [34] is four times smaller than our obtained value for α, indicating the electronacoustic phonon scattering rate to be much smaller for their samples. The reason for this discrepancy is not currently known, but might be in part explained by the influence of contact-resistance in the measurements of [34] .
In figure 6d , the obtained electron-acoustic phonon term has been subtracted from the scattering rate γ −γ e−ph . We see that at low temperatures (< 200 K) there is a significant contribution from scattering mechanisms which do not originate from electronacoustic phonon scattering or defect scattering, however at present time we do not know the origin of this scattering.
We note that this temperature-dependent behaviour remained constant through multiple heating and cooling cycles, meaning it is reversible. Further investigation is required to determine the physical mechanisms responsible for this temperature dependence.
Percolation Effects
While it is clear that temperature dependent scattering effects are sufficient to explain the conductivity temperature dependences of our CNT samples with tubes of varying length, this cannot by itself account for the huge variety of temperature dependences reported in the literature [17, [22] [23] [24] [25] 27] . One cannot avoid the fact that in reality most CNT samples are percolating networks, with charge-carriers being able to travel between CNTs through electrical tunneling [51, 52] .
The electrical properties of INT-and CNT/INT-composites have previously been studied from impedance measurements in the frequency range 0-10 6 Hz, showing significant dependence on the nanotube concentration [53, 54] .
Therefore the influence of percolation must be included. In order to investigate this, the effective conductivity of m-CNT/INT-composites of varying nanotube volume fractions, φ, were measured at 0 GHz, 30 GHz, 0.3 THz, and 1 THz, see figure 7 . The volume fraction was roughly estimated from the known CNT density ρ CN T of our film using the relation φ = ρ CN T /ρ graphite , where ρ graphite = 2.226 g/cm 3 is the density of graphite. A significant result is the fact that our m-CNT/INT films show one order of magnitude higher conductivities compared with that reported for CNT-based composites of similar average volume fractions [55, 56] . This is due to the CNTs being non-aggregated and well dispersed among the INTs, as demonstrated earlier in section 3. Furthermore, let us note that the addition of fullerene-like WS 2 nanoparticles was recently shown to be efficient as an alternative route to produce well-dispersed CNT-based polymer nanocomposite [57, 58] .
The conductivity in figure 7 is shown to follow a power-law dependence σ(φ) = σ 0 (φ − φ 0 ) β , where σ 0 is an arbitrary scaling factor, φ is the volume fraction of the CNT network, φ 0 is the percolation threshold below which the sample effectively consists of isolated CNT bundles. Our fits of the data in figure 7 agrees with conductivity measurements of similar percolating nanotube networks showing a universal power-law scaling with frequency, which is common for systems with randomly distributed barriers [18, 21, 55, 59, 60] . From our fits we obtain β = 1.6, 1.3, 1.2, 1.1 and φ 0 = 0.06%, 0.05%, 0%, 0% for 0 Hz, 30 GHz, 0.3 THz and 1 THz, respectively. The 0 Hz percolation threshold agrees well with similar studies on CNT-composite systems [18, 55] and the difference in percolation thresholds and the decreasing β for higher frequencies is expected due to an increasing sensitivity to the intrinsic conductivity of the nanotube [18, 52] .
In addition to affecting the frequency dependence of the conductivity, percolation also influences the temperature dependence, which is illustrated in figure 8, where Re(σ ef f ), obtained via THz-TDS, is plotted vs temperature for different CNT volume fractions φ. It can be seen that as φ increases, the temperature dependence reverses. This appears, as in our model from section 2, because the THz resonance shifts to lower frequencies for increasing φ. This can again be explained by the finite-length effect, where the increasing CNT volume fraction results in an increasing number of contact points between nanotubes, thereby increasing the "effective" nanotube length. Thus, our data for m-CNT shows (i) that percolation can strongly affect the temperature dependence for the effective conductivity in the THz range, (ii) the proportionality Re(σ ef f ) ∝ φ is true in the range 0.2-1 THz giving us a method to determine CNT volume fraction from THz-TDS measurements [61] . (iii) The volume fraction (or density) of the CNTs can strongly influence effective tube length and thus the location of the effective THz conductivity peak. Finally, since INTs demonstrate low conductivity below 3 THz and high temperature stability, they can be used as an "inert" material for the fabrication of hybrid films with randomly dispersed elongated conductive nanoparticles. Here we have demonstrated for the first time that such hybrid films are a great tool for studying the percolation effect in a wide range of temperatures, frequencies and concentrations.
Conclusion
In summary, free-standing films comprising singlewalled CNTs of various lengths, and CNT/WS 2 INT composites of varying CNT densities on quartz, were prepared and their effective conductivities and permittivities measured in the ranges (i) 0.2-1000 THz for 300-530 K, and (ii) 0.3-2 THz for 10-530 K. We observe a peak in the THz conductivity spectra of the CNT films which is shown to be plasmonic in nature, in agreement with recent literature, and shifting in frequency with the CNT length as predicted by our model of the localized plasmon resonance. Drude fits of the THz conductivity spectra for long (L ≈ 10 µm) CNTs show a linear dependence of the electron scattering rate γ ∝ T for 300-500 K, revealing electron-acoustic phonon scattering as the main scattering mechanism in the individual CNTs in this range [33, 34] . Due to the plasmonic nature of the response of shorter tubes (L ≤ 1 µm), we observe an unexpected variation with temperature, where the effective conductivity of the films in the THz frequency range is shown to increase with temperature, while we observe a decrease in temperature for longer tubes. This temperature-induced effect arises indirectly from the variation of the electron scattering rate, which determines plasmon losses and thus broadening of the conductivity resonance. Moreover, by studying composites of varying CNT densities, we show that the change in conductivity with temperature depends not only on tube length, but also varies with tube density: as the temperature increases, we observe an effective conductivity in the range 0.3-1 THz that increases/decreases for low/high density samples.
This effect accounts for the apparent discrepancies in literature regarding temperature dependent conductivity of CNT composites [17, [22] [23] [24] [25] 27] , and occurs due to the density dependence of the effective length of conducting pathways in the composite films, which again leads to a shift and temperature dependent broadening of the THz conductivity resonance. Our CNT/INT composite films were characterised using an SEM, showing well-dispersed and non-aggregated CNTs, and the composites demonstrate approximately an order of magnitude higher effective conductivities compared with CNT-composites with similar average volume fractions [55, 56] . Due to their low conductivity below 3 THz and their high temperature stability, INTs show great potential as an "inert" material for fabrication of hybrid films with randomly dispersed and elongated conductive nanoparticles, and as a tool for studying the effects of percolation.
S1. Comparison of bundled and unbundled CNTs
As described in section 4 in the main text, the optical density spectra of our CNT films were obtained with normally incident light in the ranges 0.1-2 THz, 2-270 THz, and 270-1000 THz using a terahertz time-domain spectrometer (EKSPLA, Lithuania), a Fourier-transform infrared spectrometer Vertex 70 (Bruker), and an RV2201 spectrophotometer (ZAO SOLAR, Belarus), respectively. Figure S1 shows the optical density spectra for s-, m-and l-CNT films at 323 and 473 K, which we use to calculate the effective conductivity and permittivity in figure  4 using the Kramer-Kronig relations [1] . As shown in figure 4 , we observe a shift of the THz peak to lower frequencies with increasing length, leading to a reversal of the temperature dependence for s-CNT and l-CNT around 1 THz.
Note the slight blueshift of the THz-peak for m-CNTs with increasing temperature. The shift arises for bundled tubes due to the temperature dependence of the conductivity of some fration of doped semiconducting CNTs with a Fermi level located close to the top of the valence band [2] . We demonstrate this shift theoretically and experimentally in Figures 2 and 4 , respectively, however to further verify this, unbundled CNT-films (met-CNT) containing 95% metallic CNTs (IsoNanotubes-M, purchased from NanoIntegris) with average length of L = 0.5 µm were prepared using the same method as the m-CNT films, as described in section 3. We compare the effective conductivity Re(σ ef f ) of the bundled m-CNT and unbundled met-CNT films in figure S2 , where we observe no blueshift of the THz peak for met-CNTs, as opposed to m-CNTs, which further demonstrates that the blueshift only occurs for bundled CNTs. Note that the met-CNT film shows an order of magnitude higher conductivity than the m-CNT film in the THz region, which is mainly due to the higher content of metallic CNTs in the former. This is in keeping with previous measurements of the THz conductivity for metallic and semiconducting CNT films [1] , where the former shows 2-3 times higher conductivity at the THz peak frequency.
S2. Characterization of sample purity and crystalline quality
We investigate crystalline quality and purity of our CNT films and CNT/INT composites using a combination of Scanning Electron Microscopy (SEM) and Raman spectroscopy. SEM was used to check the purity of our samples, specifically if the CNTs are well-dispersed and non-aggregated, and if there are any carbonaceous impurities present, since these can effect the Raman intensity of the CNT samples [3]. Figure S4 shows SEM images of the m-CNT/INT and met-CNT/INT composites with varying volume fractions (see section S1 for details of met-CNTs). For both types of composites and for all volume fractions, the samples show successful dispersion and nonaggregation of the CNTs among the INTs, since the nanotubes are dispersed evenly in the sample and no dense particles compromising ten or more nanotubes, or any carbonaceous impurities, can be observed, indicating relatively high purity of our samples. Furthermore, we see that as the volume fraction of CNTs increases, the density of the CNT network increases evenly as well, thereby demonstrating the potential of our preparation-method for achieving high quality CNT/INT composites with a tunable, welldispersed and non-aggregated CNT network.
The Raman spectra were obtained using a Raman spectrometer combined with a confocal microscope Nanofinder High End (Tokyo Instruments) at an excitation wavelength of 532nm. Figure S3 shows the Raman spectra for pure m-and l-CNT films. The defect density is estimated from the ratio of the Gband at 1593 cm −1 , originating from the longitudinal optical phonons of semiconducting CNTs, and the Dband at 1335 cm −1 (G/D ratio), which has been found to be a good estimate of the defect density for CNTs with diameters of 1-2 nm, assuming the samples are non-aggregated and without adsorbed molecules [3, 4] . The G/D ratio is approximately 10 for the m-CNT films and 100 for the l-CNT film, indicating very high crystalline quality in the latter. Therefore, defect scattering can be omitted in the discussion in section 5.2 regarding electron scattering mechanisms in l-CNT films. Femto-second pulses are generated by our laser and split into an emitter and detector path, where they are used to generate and coherently detect THz-pulses. The length of the detector path is controlled by a delay-line. The dielectric properties of a sample is obtained by measuring the THz transmission of the sample and an appropriate reference.
S3. Schematics of experimental setups and procedures
To investigate the temperature dependence of the THz conductivity in the range 10-300 K, we employed a Terahertz Time-Domain Spectroscopy (THz-TDS) setup with access to a closed cycle helium cryostat (ARS) [5] , see figure S5 . THz pulses with a bandwidth of 0.3-2 THz were generated and detected by commercially available Photoconductive Antennas (PCAs) from Batop using a 40 MHz, 1064nm, femtosecond fibre laser from Ekspla. By measuring the THz transmission of our samples and an appropriate reference, the conductivity and dielectric function was obtained using equation (3) in the main text.
The permittivity at 30 GHz was obtained using a scalar network analyzer connected with a rectangular waveguide of dimensions a × b, where a = 7.2 mm, b = 3.4 mm (see Fig. S6a ). The CNT films were placed on a 10µm thick PTFE substrate, which was then placed in the sample holder of the waveguide in a plane orthogonal to the direction of TE 10 mode propagation. The substrate was assumed to be transparent in the microwave range and therefore it is omitted in further consideration. Fig. S6b shows the scheme of the TE 10 mode transmitted through the thin film of thickness d located at z ∈ (0, d). The boundary conditions for the propagated field at z = 0 and z = d are as follows:
where 
Here E = S 12 are the normalized amplitudes of the reflected and transmitted electric fields measured with the network analyzer. ε is the complex relative permittivity of the thin film, which is determined from equations (1-4). More details of the waveguide measurement method can be found in [6, 7] .
